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ABSTRACT 

It is shown that, in the three-dimensional lattice gravity defined by Ponzano and Regge, 
the space of physical states is isomorphic to the space of gauge-invariant functions on the 
moduli space of flat 577(2) connections over a two-dimensional surface, which gives physical 
states in the ISO(3) Chern-Simons gauge theory To prove this, we employ the (/-analogue 
of this model defined by Turaev and Viro as a regularization to sum over states. A recent 
work by Turaev suggests that the (/-analogue model itself may be related to an Euclidean 
gravity with a cosmo logical constant proportional to 1/k 2 , where q = e 2 W( fc + 2 ) 



* e-mail addresses : ooguri@jpnrifp.bitnet, and ooguri::kekvax 
' e-mail address : sasakura@jpnrifp.bitnet 



In the two-dimensional quantum gravity, the connection between the dis-crete and 
the continuum [2,31 approaches has been much explored recently [4 j1 and this facilitated 
our understanding on various aspects of the theory. In this letter, we point out that an 
example also exists in three dimensions where one can compare these two approaches. 

The lattice gravity we consider here is the one originally defined by Ponzano and 
Regge. 161 Consider a simplicial decomposition of a three-dimensional manifold M. Each 
three-simplex (tetrahedron) has four faces and six edges. To each edge, we assign a half- 
integral number j (j = 0, |, 1, ...) and regard it as a "discretized length" of the edge. In 
this way, each tetrahedron is colored by an ordered set of six numbers je), where 

boundaries of four faces of the tetrahedron are colored as {ji, 32,33), {33, 3\, 3f>), (j5,i6 5 ji) 
and (j6 7 j47j2) respectively. For the tetrahedron to be realized in the three-dimensional 
space, the edge-lengths ji§ must satisfy the triangle inequalities (i.e. \j\ — J2I < 33 < ji +J2 
when edges colored as j\ , j'2 and j'3 meet at a face of the tetrahedron) . This reminds us of 
a decomposition rule of a tensor product of SU(2) representations. Thus it is tempting to 
regard the edge- lengths j^s as highest weights of SU(2) and introduce the Racah-Wigner 
Gj-symbol 



Since the 6j-symbol has the tetrahedral symmetry, we can associate it to the colored 
tetrahedron without ambiguity. 

Ponzano and Regge made a remarkable observation that, when fs are large, the 6j- 
symbol is approximated as 



with 0i being the angle between outer normals of the two faces belonging to the i-th edge 
colored as ji, and V is the volume of the tetrahedron. This Regge action gives a discretized 





(1) 



where SR egge is the Regge action for the single tetrahedron 
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version of the Euclidean Einstein-Hilbert action J dPxyfgR assuming that all the faces of 
the tetrahedron are flat and a curvature is concentrated only on their edges. Now let us 
take a product of Gj-symbols over all the tetrahedra in M. Among various interference 
terms of e +lSRegge and e~ lSlie9se , the product contains e' l ^ SRe " e where the sum in the 
exponent is over all the tetrahedra. Thus the sum of the product of the 6j-symbols over 
all possible colorings may approximate the three-dimensional Euclidean gravity. 

There are obvious problems to be overcome before taking this approach seriously. 
First it is not clear why one can ignore the interference terms and concentrate only on the 
product of the positive frequency part e l5fle " e * . Also one needs to know whether there 
exists a nice continuum limit of the theory. Since the 6j-symbol approximates the Regge 
action at large values of jVs, the continuum limit must be such that the sum over the 
coloring of the tetrahedra is dominated by these jiS. 

Actually the sum is divergent at large jVs. One might hope then, with an appropriate 
choice of regularization, only large values of j^s become relevant in the summation and 
the 6j-symbol is well-approximated by the Regge action. The main purpose of this note 
is to point out that indeed there exists a regularization such that the sum over coloring of 
tetrahedra described in the above becomes identical to the continuum functional integral 

Z = J [de,du]exp(i J eAR), (2) 

where e is a dreibein, a; is a spin connection on M, and R is a curvature two-form computed 
from u> as R = du + u A u. We will examine physical states in the Ponzano-Regge model 
and show that they can be identified with the ones in the continuum field theory (2). 
There is a disturbing factor of i in front of the Einstein-Hilbert action S = J e A R in the 
exponent of the integrand. We shall discuss on this issue at the end of this letter. 

Now let us discuss the regularization of the sum over coloring. The method adopted 
by Ponzano and Regge in their original paper was simply to cut-off the sum by ji < L and 

* One may also worry about the sign factor (— l)^, 2 ^ in front of e lSRe9se in (1). This will be taken 
care of if we restrict ji to be integral. With this restriction, most of the following discussions will go 
through. 
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rescale it by multiplying a factor -^-y per each vertex. 



z < £ >= e n Jt) n (-d^+d 

co ;orin 9 s vertices ^ ' e:edqes 



t-.tetrahedra i \ 



3i(t) hit) h(t) 
hit) kit) hit) 



(3) 



Here e and t run over all the edges and the tetrahedra in M, j e is a coloring on e, and 
(ji(t), ...,js(t)) gives colorings on edges belonging to t. The rescaling factor A(L) is given 
by 

A(i)~ E (2t+l)(2j + l). (4) 

0<i,j<L, \i-j\<l<i+3 
i+j + Z=0 mod .Z 

The right-hand-side in the above does not depend on / as far as / is sufficiently small 
compared to L. In the limit L — > oo, the factor A(L) diverges as A(L) ~ 4L 3 /3. 

In the light of recent advances in quantum group technology , however, it may appear 
more natural to regularize the summation by considering the (/-analogue of the model. 
In the quantum group U q (SU(2)) associated to q = e 2 W( fc + 2 ) with k being an integer, 
representations with j < k/2 enjoy special status. Thus the cut-off of the edge-lengths j 
will be built in as an intrinsic property in the (/-analogue of the Ponzano-Regge model. 
Indeed such a model was considered by Turaev and Viro. 191 The partition function of their 
model is obtained by taking the (/-analogue of (3) as* 

z *= e n t- n (-i) 2je [2j e +i] 9 



0e<fc/2) 6 ' 



] j exp(-7rzE^(*)) \ 

t:tetrahedra i \ 



hit) hit) j 3 {t) 
hit) hit) hit) 



(5) 



Jl J2 J3 

Here { \ is the 6j-symbol of the quantum group U q (SU(2)) and [2j + l] q 



3a 35 36 



q 



If the manifold M has some boundaries, we multiply — 7= per each vertex on the boundaries and 
e m ^ e y/[2j e + l]g per each edge in the summand. 
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denotes the (/-analogue of the integer (2j + 1), 



(2j+l)/2 _ -(2j + l)/2 



The factor A g is defined by generalizing (4) as 

1 



A„ = 



[21 + 1] 



E 



[2i+l] q [2j + l] q . 



(6) 



0<i,j<k/2, i+j+l<k 
\i-j\<l<i+j, i+j + l = mod Z 



A q thus defined is independent of /. In fact, one can perform the summation and obtain 
A q = -2{k + 2)/{q 1 / 2 -q- 1 / 2 ) 2 - 

The remarkable property of this model is that the value of is independent of a choice 
of the simplicial decomposition of the three-dimensional manifold M. It had already been 
suggested by Ponzano and Regge that Z(L — > oo) is invariant under a refinement of 
the decomposition; one can decompose a single tetrahedron into four smaller tetrahedra 
by adding an extra- vertex in the middle of the original tetrahedron and Z(oo) does not 
change its value under this operation. Turaev and Viro have gone further and shown that 
Zj- is invariant under an arbitrary Alexander transformation of simplices, which includes 
the refinement of a single tetrahedron as a special case. It is known that one can relate any 
two triangulations of M by a sequence of Alexander transformations. [10] Thus Zj~ depends 
only on the topology of M. 

Although there are infinite number of Alexander transformations in three dimensions, 
they are represented as compositions of three local moves. The partition function Z^ is 
preserved under those three moves provided 
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^(-1)^[2 J + 1] 
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and (6) are satisfied. Here 



31 32 33 
34 k 36 



exp(-7rz^j l ) | 



31 32 33 
34 J5 36 



These in fact are well-known formulae in conformal field theory. It has been pointed out 
by several groups 111 ' 121 that the quantum Gj-symbol is equal to the fusion matrix in the 
SU(2) Wess-Zumino-Witten (WZW) model upto some phase factor. The equation (8) can 
then be regarded as the pentagon identity in the modular tensor category of Moore and 
Seiberg' 121 , and (7) is the unitarity relation* . 

With this connection to the WZW model, one might suspect that the lattice model of 
Turaev and Viro is related to the SU(2) Chern-Simons (CS) gauge theory. [131 To see if this 
is the case, it is useful to introduce a finite dimensional vector space H^(E), defined by 
Turaev and Viro, associated to a two-dimensional closed topological surface E. Let us fix 
a triangulation t of E and consider a vector space C^ k \T,,t) which is freely generated by 
all the possible colorings of t over C. Now we can define a linear map Q^from C«(E,t) 
into itself as follows. Let us take a three-dimensional manifold M to be of the topology 
E x [0, 1]. M has two boundaries and both of them are isomorphic to E. We then fix a 
simplicial decomposition of M in such a way that, at the boundaries of M, it agrees with 
the triangulation t of E. With this preparation, one can compute a partition function 
Zk( c i, c 2) as in (5), where we fix colorings c\ and c<i on the boundaries E x {0} and E x {1} 
of M. Now a linear map Qt^t is defined as 

Qt^t : c -> ^ z k(c,c') d 

c'€CW(E,t) 

Due to the invariance of under the Alexander transformations, the definition of the map 
Qt^t is independent of a choice of the simplicial decomposition in the interior of M. As 
a corollary of this, one can show (Qt^t) 2 = Qt~*t, namely Qt^t is a projection operator. 
Thus an eigenvalue of Qt^t is either or 1. We pick a subspace with an eigenvalue 1 
and call it if( fc ^(E,t). In the Hamiltonian picture of the model, Qt^t m ay be viewed as 
a time-evolution operator associated to the topology E x [0, 1]. The condition Qt^t = 1 



Thus one could define a large class of three-dimensional lattice model of this type associated to various 
conformal field theories. 
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should then correspond to the Hamiltonian constraint (or the Wheeler-DeWitt equation 
) in the quantum gravity. 

So far, we have considered H^ k \T,,t) with respect to the fixed triangulation t of E. 
One can show that two vector spaces #W(£,ti) and #(*)(E,* 2 ) associated to different 
triangulations t\ and t 2 are isomorphic if they are associated to the same topological surface 
E. To show this, we consider again the manifold M = E x [0, 1], but this time E x {0} and 
E x {1} have different triangulations t\ and By generalizing the construction of Qt->t in 
the above, we can define an operator Qt l ^,t 2 which maps CW(E, t\) into CW(E, £2)- Since 
Qt 1 ^t 2 °Qt 2 ^t 1 is equal to the map <2ti->ti which acts as an identity operator on if( fe )(E, £1), 
the restriction of Qt 1 ^t 2 on H( k )(E,ti) defines an isomorphism between if( fe )(E,ti) and 
i?( fc )(E,t2)- Thus we may drop t in H^CE,t) and call it a space of "physical states" in 
the Turaev-Viro model. 

Now we are in a position to establish a connection between the lattice model of Ponzano 
and Regge and the continuum field theory given by (2). First let us show that the space 
of physical states in the Ponzano-Regge model .£Z"( fc=00 )(E) is isomorphic to !F(flat), the 
space of gauge-invariant functions over the moduli space of flat SU(2) connections. To 
study the structure of ^(flat), it is easier to start with T consisting of gauge-invariant 
functions on the space of all SU(2) connections. An element of T is constructed from 
Wilson-line operators Uj(x, y) (x, y G E, j = 0, \, 1, ...), 



y 

Uj(x,y) = PeMj A a t]), 



where P exp denotes the path ordered exponential and (a = 1, 2, 3) is the spin-j generator 
of SU(2). Under a gauge transformation, A — > + _1 <iO, the Wilson-line operator 

behaves as U(x,y) — > Vt{x)^ 1 U{x, y)Q(y). Now consider their tensor product ®iUj i (xi,yi). 
To make this gauge-invariant, we need to contract group indices of U^s so that the gauge 
factor O cancels out. Invariant tensors we can use to contract the indices are the Clebsch- 
Gordan (CG) coefficient (jij2Wim2|j3TO3) and the metric g^ m , = y/2j + l(jjmm'\0, 0) = 
(— iy~ m 8 m+rn 'fi. The gauge-invariant function constructed this way corresponds to a 
colored trivalent graph 7 on E, where a contour from x to y in Y corresponds to a 
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Wilson-line U(x, y) and three-point vertices in Y represent the CG-coefficients* . Thus, 
to each colored trivalent graph Y, we can associate a function \I/y G T . In general, a 
gauge-invariant function of A is a linear combination of such ^l/y's. Thus T is isomorphic 
to a vector space C*(E) which is freely generated by colored trivalent graphs on E. The 
isomorphism is defined as J2 i a^Yi G C*(E) — > a^y G J 7 , where Y^'s are colored trivalent 
graphs. 

The function \I/y(A) can be regarded as an element of J- (flat) by simply restricting 
its domain to the space of flat connections. The map Y — > \I/y G J-(flat) however, is not 
injective (i.e. two different graphs Y and Y' may give the same function \I/y = \l/y upon the 
restriction). In general, if two graphs Y and Y' are homotopic, the corresponding functions 
*y and \Py/ have the same value on flat connections. To each colored trivalent graph Y, 
one can associate a colored triangulation as a dual graph. Especially if two graphs Y and 
Y' are homotopically inequivalent, they correspond to distinct colored triangulations. The 
isomorphism between (7(E) and T then induces a homomorphism ip : C(E) — > J 7 (flat), 
where C(E) = ©iC( fc =°°)(E, £) is a vector space freely generated by colored triangulations. 
Thus in order to study the structure of J 7 (flat), we would like to identify the kernel of <p. 

Since \l/y on a flat connection is invariant under homotopy move of Y, we may pick any 
open Wilson-line in Y and make its length to be arbitrary small without changing the value 
of \Py. The corresponding Wilson operator can then be replaced by an identity, and group 
indices of CG-coefficients at two end-points of the Wilson-line are simply summed over. 
Now there is a formula which relates two different ways of summing CG-coefficients 1151 , 

^2 (hj4m 2 m4 \j G m 6 ) (j\j&mim & \j 5 m 5 ) 

= £ e"tf»+*V (2j 3 + l)(2j 6 + l)e-™5> J 31 32 3 A (9) 

j3 [J4 35 36 J 

^2 {jemima \ j3m 3 ) (hjAmzrriA \j5m5). 

* Subtlety arises when there are two Wilson-lines intersecting with each other. In such a case, we cut the 
Wilson-lines at the intersecting point and use the identity gm\li 1 gm 2 2 n 2 = J2 3 , m ,n 9mn(jij2mim 2 \jm) (jij2nin 2 \jn}\ 
to replace the intersection by two vertices and an infinitesimal Wilson-line connecting them. 
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We can use this to obtain the following relation. 



% = £ e «C*+*) v/(2j 3 + l)(2j 6 + l)e-™5> J Jl J2 J3 U y (10) 
36 j 3 35 36 J 

where the graph Yj :i contains a Wilson-line of spin-j'3 connecting lines with j\ and j'2 to lines 
with J4 and j'5 at the two end-points, while Yj e is obtained by replacing this Wilson-line in 
Yj 3 by its dual line of spin-jg connecting j\ and j'5 to j'2 and j'4. 

If a graph contains a contractible loop with several external lines, by repeatedly using 
(9), the loop can be recombined into a tree with a one-loop tadpole. The tadpole can be 
made arbitrarily small, and the infinitesimal tadpole can be removed by using 

E g { £ ml (jjmm'\JM) = ^2jTTdj, dM,o. (11) 

mm' 

For example, if Y contains a loop with three external-lines ji, j'2 and J3 attached, we can 
shrink the loop to obtain another graph Y' where the three lines meet at one point. The 
corresponding functions \l/y and \l/y/ are related as 

*r = ^(2/12 + l)(2/ 23 + l)(2/ 3 i + l)e-"£ti* { f 32 33 1 tf y ,, (12) 

[ '23 '31 'l2 J 

where Zy is the color of the segment of the loop in Y connecting ji and jj. Using a variation 
of the analysis in Appendix D of [16], one can show that all other relations among \I/y's 
in J 7 {flat) are generated from (10) and (12). 

From (10) and (12), one sees that if c G C^°°\E,t) and d G C( fc =°°)(E, t') are 
related as d = Qt^t' c i they are mapped into the same function in iF{flat) by <p. For 
example, (12) is realized as a process of attaching a tetrahedron on a single triangle in 
t, while (10) is an operation to recombine two neighboring triangles on E into ones in 
a dual position. Since the map Qt->t' can be constructed from these two moves, the 
kernel of the homomorphism ip is characterized by the relations given by Qt^t' on C(E), 
namely C(E)/ker{ip) ~ i7^ = °°)(E). By the homomorphism theorem, we obtain IF {flat) ~ 
#(*=°°)(I!). 
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Now that we have found tf( fc=0O )(E) ~ F(flat), we would like to connect it to the 
physical Hilbert space of the continuum field theory (2). Following the observation by 
Witten' 171 in the case of the Lorentzian gravity, we regard / e A R as the CS-action whose 
gauge group is ISO(3). In the Hamiltonian formulation of the ISO(3) CS-theory, the 
timelike components of e and 10 do not have their canonical conjugate variables, while 
the spacelike components ej and u>i (i = 1, 2) are conjugate to each other. The variable eo 
imposes a constraint that the SU (2) connection Ui on E is flat* , and the physical subspace 
is the cotangent space of the moduli space M.(T) of flat SU(2) connections over E. Thus 
a physical wave function in the ISO(3) CS-theory can be regarded as a gauge-invariant 
function on M(T,). This establishes the connection between the Ponzano-Regge lattice 
model and the continuum field theory (2). 

What about the (/-analogue model? Since the quantum 6,;'-symbol gives the fusion 
matrix of the WZW model, it is natural to expect that is related to the space 
of conformal blocks of the WZW model. When k = 1, the structure of .£f( fc=1 )(E) is rather 
simple. In this case, U q (SU(2)) has two representations j = or 1/2, and an element 
of C( fc=1 )(E,t) may be viewed as a collection of closed monochromatic cycles on E. The 
constraint Qt^t = 1 then implies that if( fc=1 )(E) is the space of functions on iZi(E,Z2), 
and it is isomorphic to H^ k=1 ^ ® H^ 1 ^ . For k > 2, we must deal with a graph with k 
different colors, j = 1/2, 1, k/2. However, if a contour in the graph is colored by j > 1, 
by using a map Qt^r, it can be decomposed into a network consisting only of contours 
with j = 1/2. We have examined the structure of ifW(E) for lower genus E and found 
that they are isomorphic to <S> . Detailed of this procedure and its extension to 
higher genera will be discussed elsewhere. 

This suggests that the partition function of the Turaev-Viro model is equal to 
the absolute-value-square of the partition function of the SU{2) CS-theory when M is 
orientable. Recently we were informed that this had indeed been proven by Turaev in 
a rather different approach* . The partition function of the (/-analogue lattice model 

* As we mentioned before, we may either include half- integral j's in the summation in (3) and (4) or 
restrict j's to be integral. In the latter case, w, should be viewed as an SO(3) connection rather than 
SU(2). ' 

* We thank T.Kohno for informing this to us and T.Takata for sending us a copy of a hand-written 
manuscript [18] by Turaev. 
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should then be expressed as 




u=-(A + B), e =—(A-B), 



(13) 



where the "cosmological constant" Xk is equal to (4n/k) 



2 . Due to the cosmological term, a 



classical solution to R + XkeAe = would be a three-dimensional sphere of radius k/An. It 
is intriguing note that the maximum length k/2 of a geodesic on the sphere coincides with 
the maximum value of j for U q (SU (2)) . In the limit of k — > oo, the cosmological constant 
vanishes and the above equation reduces to (2). 

To regard (2) or (13) as an Euclidean functional integral for quantum gravity, the 
factor i in front of the action is disturbing. One might try to eliminate it by rotating the 
contour of the e-integral, but the resulting functional integral would then be divergent. 
The problem is that the sign of J e A e A e is indefinite unlike f ^/g, which is clearly positive 
definite, and one does not know how to define an Euclidean functional integral in the first 
order formalism of e and 10. The volume form could be made positive definite by integrating 
over e with fixed orientation only (e — > — e flips an orientation in three dimensions), but it 
is not clear whether the resulting theory is renormalizable. 

This issue would be addressed by studying a Lorentzian version of the lattice model 
based on infinite dimensional unitary representations of SO(2, 1). A work in this direction 
is now in progress. 

It is straightforward, at least in the limit of k — > oo, to extend the above analysis 
to another compact Lie group G. In general there are more than one way to contract 
Wilson-line operators at a vertex. This means that, in such a lattice model, we put colors 
on faces of tetrahedra in M as well as on edges. This model should be equivalent to what 
is called the BF-theory 1191 * for the group G. 

* In three dimensions, the ISO(3) CS-theory may be regarded as the SU (2) BF-theory 
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